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Geometrically continuous octahedron

Raimundas Vidunas

ABSTRACT. Geometric continuity is a conceptually pleasant notion for con-
structing surfaces of arbitrary topology. On the other hand, parametric conti-
nuity allows straight convenient modeling techniques with B-splines. To com-
bine the two concepts one would like to have some kind of geometrically contin-
uous functions which could be blended into geometrically continuous surfaces
without cumbersome manipulations with patches in R3. A way to define these
functions is to glue a set of polygons in an abstract way by using some minimal
data that defines “smoothness”. This paper demonstrates this approach on
one extensive example. We start with 8 triangles in R? and identify their edges
in the same way in which the faces of an octahedron meet each other. After
geometrically continuous functions are defined, we demonstrate that by blend-
ing them one can model smooth surfaces formed by 8 triangles glued in the
octahedral fashion. We compare the abstract differentiability structure with a
corresponding differential manifold. At the end we give a general definition of
a geometrically continuous surface complex which appears to be a good data
structure for modeling geometrically continuous surfaces.

1. Introduction

The concept of geometric continuity applies to general situations when several
parametric curves or surfaces are pieced together in a sufficiently smooth way.
See [Gre89, Hah89]. For example, let 1,5 be closed polygons in R?, and let
@, : Q) — R3, &y : Qy — R3 be regular C! patches. Let p C Q1, ¢ C Q2 be edges
of the polygons. Then (loosely speaking) ®; and @4 join with geometric continuity
GO along the edges p, q if: (1) there is a homeomorphism p : p — ¢ such that
®; = Py 0 on p; (2) for any X € p the tangent plane of the first patch at ®;(X)
coincides with the tangent plane of the second patch at ®5 o u(X); (3) the two
patches do not meet at “zero angle” along the common boundary ®;(p). A lot of
research is done in deriving explicit geometric continuity conditions for the most
common surface patches; see [Far82, Deg90, DeR90], etc.

General definitions of geometric continuity for surfaces are based on connecting
diffeomorphisms (or reparametrizations) between open neighborhoods of identified
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edges. This mimics manifold-theoretic definitions of differential surfaces in differen-
tial topology. General schemes for modeling geometrically continuous surfaces of ar-
bitrary topology are presented in [Hah89, DeR85, GH95|. Since reparametriza-
tions usually do not preserve the types of functions most widely used in geometric
modeling (polynomial or rational functions, etc.) and deform the polygons, geomet-
rically continuous gluing is done directly in R3. This is a considerably cumbersome
procedure even for the first order GC! geometric continuity.

The alternative of parametrically continuous gluing allows one to use B-splines
and flexible blending techniques. Two-dimensional B-splines, including tensor prod-
uct or periodic B-splines, are locally supported piecewise polynomial (or rational,
etc.) functions defined on a subdivided region in the plane. Surfaces modelled with
B-splines are parametrically continuous since any two adjacent patches get glued in
a parametrically continuous manner. For example, B-splines on closed surfaces are
modelled by translating the polygonal pieces to bring them beside each other, which
gives parametrically continuous patching again. The drawback of this approach is
that parametric continuity preserves some metric structure of R2. Therefore only
genus 1 surfaces can be satisfactorily modelled, whereas to model closed surfaces
with other topology (say, sphere-like surfaces) one has to use singular patches.

The aim of this paper is to illustrate an approach that combines generality of
geometrically continuous gluing and convenient techniques that are known within
the framework of parametric continuity. The key notion is that of a geometrically
continuous surface complex, which is a data structure that essentially defines a
differential manifold (a differential surface). It glues a collection of polygons without
a reference to concrete patches in R3. The importance for geometric modeling
is that geometrically continuous functions can be defined before actual modeling.
In other words, we suggest to start with a set of polygons with some additional
continuity and “smoothness” data; this is our abstract “GC?' surface”. Then we
compute piecewise polynomial (or rational, etc.) functions that are expected to
be smooth on the abstract surface. Our main intention is to demonstrate that
these functions can be used in geometric modeling as conveniently as traditional B-
splines. An attempt to introduce this approach is present in [Vid99]. Reminiscent
ideas in the context of curves are contained in [GB89, GM&89, Seid1].

The paper considers one big example that illustrates the new approach. The
example is a “smooth” octahedron H. In the next section we define its combina-
torial and differentiable structure and introduce GC' functions on it. In Section
3 we demonstrate possibilities of the new approach by computing some piecewise
cubic GC' functions and giving several modeling examples. In Section 4 we define
a differentiable surface S which naturally corresponds to our octahedron H. In
particular, C! functions on S are exactly the GC! functions on . In Section 5 we
give a general definition of a GC' geometrically continuous surface complex.

2. The octahedron and functions on it

Here we specify the data structure that is used throughout the paper. Let N
denote the set {1,2,3,4,5,6,7,8}.
DEFINITION 2.1. Our geometrically continuous octahedron H is defined by the
following data (€2, p, E):
(i) Q is a set of 8 triangles P;Q; R; C R? i € N. To avoid notational
confusion, we assume that these triangles do not mutually intersect.
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FIGURE 1. An octahedron

(i) p is a set 12 linear maps between edges of those triangles:

o012: PLQ1 — PyQ2, 013: IRy — P3R3, 015: Q1R — Q5 Rs,
(2.1) 034 : P3Q3 — Py Qs, 004:PoRo— PyRy, o048: Q4 Ry — Qg Rs,
056 - P5 Qs — PsQs, 068 : P g — Py Rg, 026 : Q2 R — Q¢ R,
08 1 PrQr — Py Qg, 0s57: Ps Rs — Py Ry, 37 : Q3 R3 — Q7 Ry.

For (4, 7) € {(1,2), (3,4), (5,6), (7,8)} we require that g;; is the linear home-

omorphism such that g;;(P;) = P; and ,;;(Q;) = Qj, and similarly for

other maps.

(iii) For i € N, Z assigns to each point X on the edge P;Q; the vector

— —

€p,0,(X) = XR;. Similarly, = assigns the vectors {p,g, (X) = XQ; and
P—

€0:r:(X) = XP; to all points on the edges P;R; and @Q;R; respectively.

Note that in total two vectors are assigned to the vertices P;, Q;, R;.

To interpret the data structure H we define a topological space S as follows. We
view the maps in (2.1) as identifications of edges of the 8 triangles. Then S is defined
as the disjoint union of the triangles modulo the specified edge identifications. Our
construction is designed with a picture of an octahedron O in Figure 1 in mind.
The topological space S is homeomorphic to (the surface of) the octahedron by the
following maps:

Y :PLQi Ry — ABC, Yo : PoQa Ry — ABD,
Y3: P3sQ3R3 — AEC, Yy PyQsRy — AED,
Y5 PsQs Rs — F BC, e : Ps Qe Re — F' B D,
Y7 PrQr Ry — FEC, Pg: PsQs Rs — FED.

Each map 1; is the linear homeomorphism such that

(2'3) %(Pz) € {AaF}’ wz(Qz) € {BaE}v wz(Rz) € {CaD}

These homeomorphisms map the 12 pairs of identified edges onto the 12 edges of
the octahedron. The triangle vertices are identified in groups of four into the 6
vertices of O. For convenience, we refer to those 6 points on S as the vertices of S
(or H) and denote them by the same letters.

As we shall see, = essentially endows the topological surface S with a structure
of a C! differential surface in the sense of differential topology. At this stage we just
define continuous and GC' geometrically continuous functions on . Our definition

(2.2)
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of a continuous function on H is equivalent to the notion of a continuous function
on the topological surface S. The GC' functions on H will correspond to the C!
functions on S endowed with the promised differential surface structure.

A continuous function on H is a tuple (f;)ien, where each f; is a continuous
function on the triangle P,Q;R;, such that for any edge identification g;; in (2.2)
we have g;;(f;) = f; when restricted onto the glued edge of P;Q,;R;. We use
barycentric coordinates to express functions on R? and on H. For i € N consider
the triangle P;Q; R;. Any point X € R? can be written uniquely as an affine linear
combination

The triple (u;(X),v;(X),w;(X)) defines the barycentric coordinates of X with re-
spect to the triangle P;Q; R;. See [Far90]. Here are six continuous functions on H
expressed in barycentric coordinates:

ga = (u1, ug, us, ug, 0, 0, 0, 0), gp = (v1, v, 0, 0, vs, ve, 0, 0),
(25) gc = (w17 Oa ws, 07 Ws, 07 We, 0)7 gp = (07 w2, 07 Wy, Oa We Oa ’Ujg),
JE = (07 Oa VU3, V4, 07 Oa U7, v8)7 gr = (03 07 0> Oa us, Ug, U7, u8)-

They can be used as blending functions to represent maps from the triangles P;Q; R;
(or the whole H) to R3. That means that the map is expressed as a linear ex-
pression of the blending functions, where the coefficients are control points in R3.
For example, the homeomorphism 7 : PiQ1R; — A BC can be represented as
1 = Aug + Bvy + Cw;. The overall homeomorphism & — O defined by (2.2) can
be expressed as Aga+ Bgg+Cgc+Dgp + Fge + F gr.

To define geometrically continuous functions on H, recall that if f is a C!
function on R? and a is a vector in R2, then the directional derivative Dg of f at
X € R? is defined as follows:

X a) — f(X
(2.6) Dy f(X) = lim L H€8) = F(X)
(=0 ¢
DEFINITION 2.2. A geometrically continuous GC' function on H is a continuous
function (f;);en on H that satisfies the following conditions:

)

(a) Each f; is a nice differentiable function on the triangle P;Q; R;. Technically
we require that f; is a C' function on the interior of P;Q;R;, and that it
can be extended to a C'! function on some open neighborhood of P;Q;R;.

(b) For each pair of identified edges p C P,Q;R;, ¢ C P;Q;R; we require

Dgp(X)fi(X) = 7D§q(y)fj(Y) for all X € p and Y = Qij(X).

Here are two examples of geometrically continuous functions on H:

2 2 2 2
Uy U u3 Uy
(2.7) GA:( 2, 2 20 92 2 20 02, 2 20 02, 2 5,0,0,0,0],
ui+ vyt wy uzt+ vyt w; uz+ vzt ws uzt vi+ wy
e U1v1 U2V2 u3v3 UqVyg
uv — 9 y y )
(2.8) w+vi+w?’ ud+ vi+ w3 u%—i—v%—l—w% u2+ v+ w?
' U5 U5 UgVg Urvy Uugvg

ut i+ w?’ ud+vi4 wd w4 v+ w2’ ud+ i+ wi)
Directional derivatives can be expressed in terms of partial derivatives with respect
to wu;, v;, w; that respect the relation u; + v;4+ w; = 1. For example,

0 0 0 0 1o} 1o}
@9 Pra =5, " ou PRE T gw aw PRE T ay G
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Differentiability condition (b) of Definition 2.2 can be rewritten more explicitly as
follows. For (i,7) € {(1,2), (3,4), (5,6), (7,8)} we must have for all ¢ € [0, 1]:

(210) Dgpg fill = ¢, ¢, )JFD—’fJ( -6 G )*QCD fg( -¢ ¢ 0).
Similarly, for (¢,7) € {(1,3), (2,4), (5,7),(6,8)} and all ¢ € [0, 1]

(211) Dy fill— € 0.0)+ Dy £5(1— €. 0.0) = 2 Dy f5(1- €, 0, ),
and for (4,7) € {(1,5), (2, ),( 7),(4,8)} and all ¢ € [0, 1]

(212) Dy £(0. 1= O+ D f3(0, 1=, ¢) = 2 Dy £5(0, 1= ¢, ).

The following theorem shows direct relevance of GC! functlons to geometric
modeling. It follows directly from Theorem 4.2 here below, after we introduce a
corresponding C! differential surface structure on S. In Section 3 we introduce
more GC' functions and demonstrate a few modeling examples.

THEOREM 2.3. Let ® = (Fy, Fy, F3) be a map from S to R? given by GC*
functions Fy, Fy, F3 on H. Suppose that for each i € N the restriction of ® onto
the the triangle P;Q;R; is a C' regular patch. Then the image of ® is a GC' patch
complez as defined in [Hah89].

PROOF. (Sketch.) We have to show that the 8 patches join with CG' geomet-
ric continuity along the identified edges and around the six vertices. Consider a
pair of triangles whose edges p, g are identified by a map in (2.1). Explicit con-
necting diffeomorphisms between open neighborhoods of p and ¢ are present in
our description of a C! surface structure on S in Section 4; see formulas (4.3)-
(4.5) below. Here we note that if X; € p, Xo € ¢ are two identified points then
D¢, (x)®(Xy1) = ng(Xz)q)(Xg) so the two patches have the same tangent plane
at Y = ®(X;) = ®(Xz) which is spanned by D¢, (x,)®(X1) and Dy ®(X1); here p
is a vector along p. The minus sign before the derivative at X5 ensures that the
two patches meet smoothly at Y rather than at “zero angle”.

To show that patches join with CG' continuity around vertices, we consider
the concrete case of four identified vertices Py, P», P53, P;. The tangent planes of
all four patches at the common vertex coincide since each of them is spanned by
D—>(I>(P1) = D—»<I>(P2) = —qu)(Pg) = —Dm@(P4) and Dﬁ@(ﬂ) =

D%fb( ») = D—><I>(P3) = —Dg57:®(P4). The tangent sectors of those four
patches do not overlap, they are separated by two intersecting lines in the tangent
plane. Therefore they surround the common vertex with GO continuity. ]

3. Geometrically continuous functions at work

In this section we consider mainly geometrically continuous functions (f;)ien
with the property that each component f; is a polynomial. We refer to them as
GC"* splines (or geometrically continuous splines). They form a linear space. The
splines defined by polynomials of degree at most n form a linear subspace; we denote
this subspace by S!(H). We give equations that define the splines and give several
modeling examples using splines from Si(H).

We write components of a spline (f;)ien € S (H) in the Bernstein-Bezier form:

. |
(3.1) filug, v, wy) = Z cﬁz,)c ¢ 'Z'ﬁ' 4 vf w?, all EL,)C ¢ ER.
Gtkdl=n
i30,k>0,£>0
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0 1 5 5 1 0 0 0
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FIGURE 2. Bernstein-Bezier coefficients of hy)

Differentiability conditions (2.10)—(2.12) translate into the following equations for
the Bernstein-Bezier coefficients:

e For (i,7) € {(1,2),(3,4),(5,6),(7,8)}, k > 1,£ > 1 with k + ¢ = n we have

i (
@ _ o _ k(o ) (@ )
Chro=Cipo= o <Ck71,£,1 + ij71,e,1) + m (ck,lfl,l + ij,zfl,l) )
(@) _ " G ) Comaateini
Cn0,0= €n,0,0— 5 y €m0~ Con,0=— 5 .

i) G Cn71,0,1+‘3££1,0,1
e For (i,7) € {(1,3),(2,4),(5,7),(6,8)}, k > 1,£ > 1 with k + £ = n we have

W _ .0 _ k(@ (5) Co( @ (4)
Choe = Choe= o (ckl—l,l,ﬁ + ij—l,l,é) + o (Ckz,1,e—1 +eie )
) cs:)—l,l,0+ 05321,1,0 O CEJZ,)1,n—1+ C(()j,%,nq
€n,0,0~ €n,0,0 9 ) 0,0,n — €0,0,n = 9 .

e For (4,7) € {(1,5),(2,6),(3,7),(4,8)}, k > 1,£ > 1 with k + ¢ = n we have
(

) _ @ _kw 4) C (@ )
okt = ke = 5, <Cl,k71,l + C1j,k71,z) + o (01,16,571 + Clj,k,lfl) .
Y () ng}nfl,0+ ngﬂ)zfl,o @ G ng,)(),nfl + C(lj,()),nfl
C = C C = C =
0,n,0 0,n,0 2 ’ 0,0,n 0,0,n 2

These equations imply that for n > 3 the “edge” coefficients cgf,)c}z with jk¢ =0
are uniquely determined by the “interior” coefficients cy,l , with j k£ # 0, and that

the latter coefficients can be chosen freely. Therefore the dimension of S} (H) is
equal to 4(n —1)(n —2) if n > 3 (and it is equal to 1 for n = 0, 1,2). This result is
present in Example 6.29 in [Vid99].

In particular, dim S3(H) = 8. For i € N let h;) denote the function in S3(H)
with ng,)l,l = 12 and all other “interior” coeflicients equal to zero. The Bernstein-
Bezier coeflicients of their components can be easily computed from the equations
above. The coefficients of h(;) are schematically depicted in Figure 2. Coefficients
of each polynomial are represented by a triangular array in a natural way. The cor-
respondence to the triangles PyQ1R1, PoQ2Rs, . .., PsQsRs can be seen from Figure
1 and homeomorphisms in (2.2). Monomials in u;, v;, w; should be assigned accord-
ing to (2.3) and (2.4). Similar expressions for h(ay, hs), . .., h) can be obtained by
permuting the vertex labels in Figure 2 according to symmetries of H.

The 8 functions h(;) form a basis for Si(H). They can be used as blending
functions in geometric modeling of closed surfaces homeomorphic to a sphere. Note
that h(; (for fixed i € N) naturally corresponds to the ith triangle so that moving its
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FiGURE 3. Modeling with H

control point produces most change in the image of P;Q; R;. Therefore modeling H
by elements of S (H) has more of the flavor of modeling a cubus (the Platonic body
dual to the octahedron). By placing the control points of h;)’s at the vertices of the
cubus [—1,1]® C R?® we get the most symmetric geometrically continuous surface
that we can model using S3(H), see Figure 3(a). The surface can be interpreted as
a map H — R3 given by the following blending expression

(3 2) ( 1,1, 1) h(l) + ( 1,1, —1) h(g) + ( 1,—-1, 1) h(g) + ( 1, -1, —1) h(4)+

This CG' surface is even curvature continuous, as it is shown in [PK97].

By moving the control points in (3.2) one can deform the surface in Figure 3(a).
Say, by moving the control point of h) to (—2,1,0) we get picture (b) in Figure
3. (Scaling is different in the four pictures there. For orientation, assume that
the three visible vertices in Figure 3(a) have coordinates (1,0, 0), (0, 1,0), (0,0,1).)
Note that h) is identically zero on P3Q3R3, so moving its control point does not
affect the corresponding opposite patch at all. It looks like we work with B-splines!
Consequently we may move the control point of ) to (0,0,0) and get picture (c),
and then bring the control point of iz to (1, —2,—1) and get picture (d).

Theorem 2.3 ensures that these modelled surfaces are indeed geometrically
continuous once the 8 patches do not have singularities. We constructed visually
smooth surfaces without worrying about cumbersome geometric continuity restric-
tions that are usual in GC! patching directly in R3. Basically, we solve geometric
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continuity restrictions only once by computing the space of GC' functions. Be-
sides, geometrical continuity is solved here as a one-dimensional problem rather
than three-dimensional one. Recall that geometric continuity restrictions are linear
equations between control points of the two patches that are glued, with unknown
coefficients (“shape parameters”). In our approach we find GC! functions by solv-
ing basically the same linear equations, but the unknowns are just numbers rather
than points, and the “shape parameters” are fixed by our choice of the differential
structure 2. We can vary Z as well; this would change the space of GC! func-
tions. To see what differential structures are possible we need to compare our data
structure with similar constructions in differential topology. In the next section
we construct a C! differential surface from the same combinatorial data and with
equivalent differential structure. The equivalence manifests itself in the fact that
the sets of C'' functions and GC! functions coincide, see Theorem 4.2.

Apart from allowing convenient blending techniques in the framework of geo-
metric continuity, our approach offers interesting possibilities that are difficult to re-
alize with usual methods of geometric modeling. For example, write realization (3.2)
of the most symmetric octahedron on Figure 3(a) as a map (H,, Hy, H,) : H — R3,
where H, = h(1)+ h(2)+ h(3)+ h(4)7h(5)7h(6)7 h(n*h(g), etc. Functions H,, Hy, H,
look like projection functions to the “main axes” AF, BE, C'D of the octahedron
(consult Figure 1). For instance, H, is positive on the hemisphere around A, neg-
ative on the opposite hemisphere, and it is zero on the “equator” w; = 0. Let Hy
be a constant non-zero function on H, and consider the functions

Hiy = hay = h) —hiry + hsy, Ho = hay = ) — his) + i,
Hsy = gy = hiay = his) + he),  Hp = hz) = hay — he) + Is)-

The functions Ho, H,, H,, H,, Hi2, H34, Hc, Hp form a basis for Si(H). They
appear to be pairwise orthogonal with respect to any positive definite scalar product
on Si(H) that respects the octahedral symmetries of H, with a possible exception
for the pair (He, Hp). This can be an attractive feature for geometric modeling.
For instance, consider the blending expression

(34) ZoHo‘i‘Zle+ZQHy+ZgHZ+Z4H12+Z5H34+26HC+Z7HD,

with Z; € R? for ¢ = 0,1,...,7. It realizes a GC' surface Z in R?. Moving
Zy changes the position of Z but does not affect its shape. The control points
71,25, Z3 determine direction of the three “main axes” with respect to Zy. Moving
other control points does not change position of the six vertices of H but deforms Z
somehow. Say, moving Zg pushes two opposing patches around C in one direction
and the other two patches around C' in the opposite direction. Figure 4 depicts a few
surfaces obtained by “deforming” the most symmetric octahedron in Figure 3(a).
Working with a blending expression like (3.4) can be considered as a multiresolution
technique. This interpretation should appear more relevant when larger spaces of
GC" functions are considered.

In principle, one can compute GC! functions (f;);en on H given by rational
functions f; (or even more general functions). If one fixes the denominators of
rational functions f; and the degree of their numerators, then determining the
set of such GC' functions is a linear algebra problem similar to computation of
S!(H). For instance, consider the set S of GC* functions given by degree 2 rational
functions with the denominators u? 4+v? +w?. We have examples of these functions

(3.3)

in (2.7)-(2.8). Computations show that S is a linear space of dimension 9. Six
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FIGURE 4. More modeling with H

independent functions can be obtained by applying the symmetries of H to G4, and
three more independent functions can be similarly obtained from G,,. However,
it appears that GC' surfaces realized by functions from S always have singular
patches. (Prove or confute this!) For computing general sets of “rational” GC!
functions one can use Grobner bases. This is quite cumbersome in general. On the
other hand, GC' functions form an algebra: if f, g are two GC! functions on H, then
f+g, fg are GOC! functions as well. If moreover g does not vanish anywhere, then
f/g is a GC! function. For example, G4/(1 + Gy,) is a geometrically continuous
function on H; its components are rational functions of degree 2.
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4. The differential surface

In this section we describe a C' differential surface that corresponds to our
abstract “smooth” octahedron H, and identify C' functions on this differential
surface with GC! functions on H. We use the definitions from [War83].

DEFINITION 4.1. Let J denote a finite set. A differential surface of class C! is
a Hausdorff space M together with a collection {(Up, ¢p)}pes such that

o {Up}pes is an open covering of M.
e Each ¢, is a homeomorphism ¢,: Vj,— U,, where V,, is an open set in R%.
e For p,q € J such that p # g and U,NU, # 0, let V, 4 := ¢, (U,NU,) and
Vpg == ¢;1(Up NU,). Then the map gb;l o ¢p : Vp.q — Vyp is Tequired to
be a C'-diffeomorphism.
The collection {(Uy, ¢p)}pes is a C' atlas of M, and the maps ¢, ' o ¢, are called
transition maps. Let W be an open subset of M. A function f : W — R is C!
continuous if for any p € J the function f o ¢, is C' continuous on W NV, C R2.

Let X be a point on M. Let C*(X) denote the space of C! functions defined
on some open neighborhood of X. A point derivation at X is an R-linear map
§ : C1(X) — R that satisfies the Leibnitz rule 6(fg) = fd(g) + gd(f). The point
derivations at X form a linear space which is the tangent space of M at X. We
denote it by T, x. In the special case M = R? point derivations at X € R? are
directional derivatives as defined in (2.6). The tangent space Tg2 x is generated by
any two of the three derivatives in (2.9).

Let NV be other differentiable surface of class C'. A map ® : W — AN is C!
continuous if it is continuous and if for any function g that is C' on L some open
subset W of NV, the composition g o ® is C! continuous on W N ®~1(W). Such a
C' continuous map induces a linear transformation d® : Thy, x — Thr,a(x) by

(4.1) d® (6) (f) =0(f o @)
for any ¢ € Tgz x and any C! function f in a neighborhood of ®(X). This lin-

ear map is called the Jabobi map (or the differential) of ® at X. If ® is a C!
diffeomorphism in a neighborhood of X, then d® is an isomorphism.

We start constructing our differential surface by taking the surface S of Section
2 as the underlying topological space. Let J = J; U Jo U J3, where J; is the set of
the triangles P;Q;R; (i € N), Js is the set of the edges of these triangles, and J3 is
the set of vertices of the triangles. We choose the open sets V,, C R? as follows:

e For p € Jy, let V, be the interior of the corresponding triangle.

e Suppose that p € Jo. If p = P;Q; for some i € N, let V,, be the open
neighborhood of p defined by the inequality w? < u;v;. This is an interior
of an ellipse (see Figure 5), since by setting w; =1 —wu;—v; we get the affine
inequality u? + u; v; + v? —2u; —2v; + 1 < 0. If p= P, R; for i € N, let
V, be the open neighborhood of p defined by v? < ww;. If p = Q;R; for
some i € N, let V,, be the open neighborhood of p defined by w? < u;v;.

e Suppose that p € J3. If p = P; for some i € N, let V,, be the open
neighborhood of p defined by the inequality v + w? < u?/9. One can
check that this is an interior of an ellipse in the same way as above; see
Figure 6. If p = @; for some ¢ € N, let V,, be the open neighborhood of p
defined by the inequality u? +w? < v?/9. If p = R; for some i € N, let V,
be the open neighborhood of p defined by the inequality u? + v? < w?/9.



GEOMETRICALLY CONTINUOUS OCTAHEDRON 47

Ry

Py Q2

FIGURE 5. Gluing two triangle edges

Now we define some fractional-linear maps on R2. Suppose that (i,j) €
{(1,2), (3,4), (5,6), (7,8)}. Let X be a point in R? with the barycentric coordi-
nates (u;, v;,w;) with respect to the triangle P; Q;R;, and suppose that w; # 1/2.
We define ¢;;(X) to be the point with the barycentric coordinates

(4.2) (uj, vy, wj) = ( = . o >

) s
UiV —W; " U +V;— W UiV — Wy

with respect to the triangle P; @; R;. In a compact form, we write
’U,in -‘r—’Uin —wiRj
U; + V; — W5

(4.3) ©ij (U Py +v;Q; + w;R;) =

By putting w; = 0 we see that the restriction of ¢;; onto the edge P; Q; is the
homeomorphism g;; in (2.1). Further, p;; maps Vp,q, to Vp,q, since the inequality
w} < w;v; implies the inequality w? < u;v; in the transformed coordinates (4.2).
Note that ¢;; maps Vp,0,NVp,Q,r; t0 ij Qj\ ij Q;R;> and it maps VP{,Qi\ Vp,Q.R:
to Ve, N Vp,q,R;; see Figure 5. Besides, y;; maps Vp, to Vp,, and it maps Vg,
to Vi,; see Figure 6. We define the map ¢;; by interchanging i and j in (4.3).
By inspecting transformations of the barycentric coordinates we see that ¢;; is an
inverse of ¢;;. Similarly, for (i,7) € {(1,3), (2,4), (5,7), (6,8)} we define
u; P; —’Uin +w; R

U; — V; + W;
and their inverses ¢;;. For (¢,7) € {(1,5), (2,6), (3,7), (4,8)} we define
—U; Pj +’Ui Qj +’LU1 Rj

—U; + Vi + W;

(4.4) ©ij (WP +v;Q; + w; R;) =

(4.5) ©ij (W Py +v;Q; + wiR;) =

and their inverses ¢;;.
We define the open sets U, C S and the homeomorphisms ¢,, as follows:
e Suppose that p € J;. Let U, be the interior of the corresponding triangle,
and let ¢, : V;, — U, be the identity map.
e Suppose that p € Jo. It is an edge of some triangle P;Q;R;, i € N. Let g €
Jo be the triangle edge to which p is identified by some homeomorphism
n (2.1), and let P;Q;R; (with j € N) be the triangle of g. We define

Up =V, NVeq.r:) U (Vg N Vp,Q;R;) -
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FI1GURE 6. Gluing four triangle vertices

Here the union is taken on S, so that p and ¢ are identified. We define
¢p 2 Vp — Up by

é (X): X, ifXEV;,ﬂVpiQiRi,
p QDU(X>, if X e V;D\VV]%QlR7

e Suppose that p € Js. It is a vertex of some triangle P,Q;R;, i € N. Let
s,z € J be the triangle edges incident to p. Let P;Q;R;, PrQrRy (j,k €
N) be the triangles which have an edge identified by (2.1) with s and z
respectively. Let ¢, € J3 be the triangle vertices of P;Q;R;, PrQrRy
respectively which are identified with p. There is one more triangle vertex
identified with p; we denote it by ¢. Let PiQ¢R¢ (¢ € N) be the triangle
of t. We define U, to be the set

(V;? mVPin‘Ri) U (VZI mVPijRj) U (V;” mVPIerRk) U (V;f mVPzQzRZ) .

Here the union is taken on S. See Figure 6 for reference, with ¢ = 1, j = 2,
k = 3 and ¢ = 4. Further, the two lines which contain s and z divide R?
into four sectors. Let K, ; denote the closed sector which contains P;Q; R;.
Let K, j, K, be the open sectors which are adjacent to K, ; and have
non-empty intersection with Vi, V, respectively. Let K, be the closed
sector opposite to K, ;. We define ¢, : V,, — U, by

X, it X e VN Ky,
pij(X), X eV,NKy;,
pie o pi(X), if X €V, N Ky 0\ {p},
SOik(X>7 ifXE‘/;,ﬂKpJC.
One can check that the image of this map is indeed U,. Notice that
©je © Pij = Pre © Yix; we denote this map by ;.

¢’p<X) =

To see that we have a structure of a differentiable surface on &, note that any
transition map is either an identity map or a restriction of some ¢;; defined by us.



GEOMETRICALLY CONTINUOUS OCTAHEDRON 49

For example, if p,q € Jy are triangle edges identified by (2.1), and i,j € N are the
indices of their respective triangles, then U, = U, and the transition map (j),;l o ¢p
is the restriction of ¢;; onto V,. This completes our definition of the C! differential
surface S.

The following theorem says that the set of C'* functions on S coincides with the
set of GC! functions on H. Theorem 6.2.5 in [Vid99] basically states that S is a
unique C! differential surface (up to equivalence of C! atlases) with this property.

THEOREM 4.2. Let (fi)ien be a continuous function on S (and a continuous
function on 'H). It is a C* function on S if and only if it is a GC' function on H.

PROOF. Assume that (f;)ien is a C! function on S. To show condition (a)
of Definition 2.2, take ¢ € N and consider the open set W = Vp,g,r, U Vp,Q, U
Ve, UVo,r, UVp, UVg, UVg, C R2. We extend f; to a C' continuous function
on W by using other components f; and the corresponding maps ¢,. Now we show
condition (b). For (i,7) € {(1,2), (3,4), (5,6), (7,8)} consider a point X on the edge
P;Q; with barycentric coordinates (u;,v;,w;) = (1 —(,¢,0), ¢ € [0,1]. The points
X and ;;(X) represent the same point Y on S. The Jacobi maps of ¢p,q,, ¢r,q,
identify three tangent spaces Ty, Tkz x and Tgz . (x)- Transformation between
the latter two tangent spaces is given by dy;;. We take Dm, DPJ_—R; as a basis
for Tr2 .. (x). Note its straightforward dual action on the function pair (v;,w;);
see (2.9). We take the similar basis for T2 x. Using (4.1) we compute the action

of both di;; (DI?Q;)7 de;j (Dﬁ) on the functions vj;, w; and conclude that

1
(46) dpi; (Dpg) = o P
1 2v;
4.7 d Z(D—>) = D+ ——" D
( ) SOJ P;R; (ul+ U’i_wi)Q PjRj + (Ul—i‘vz_wz)z Pij
Here the coefficients should be evaluated at X, so dy;; acts on T> x as follows:

The action on Dp—7- gives (2.10). Similarly, equalities (2.11) and (2.12) hold for
(4,7) € {(1,3),(2,4), (5,7),(6,8)} or (i,5) € {(1,5),(2,6),(3,7),(4,8)} respectively,
and for all ¢ € [0, 1].

Now suppose that f = (fi)ien is a GO! function on H. If Y € S is in the
interior of some triangle p = P;Q; R;, then fo ¢, = f; is a C! function on the open
neighborhood Up,q,r, of Y. Take now Y € S represented by a point X, in the
interior of an edge p, say p = F;Q;. Let ¢ = P;Q; be the edge identified with p.
We have to prove that the function

{ fl(X)7 if X € V,NVp,q,r,
fiopi;(X), if X €V, \Vpqnr,

is a C! function on an open neighborhood of X inside V,. By formula (4.1) we

have to show dy;;(0)f; = 6 f; at X for any 6 € Tre x,. But dy;; transforms the

derivations as in (4.8) which suits us. Suppose now that Y € S is represented by

four vertices of triangles, say Pi, P», P3, Py. We have to prove that the function

on Vp,, given piecewise by fi, fo 0 @12, f3 0 @13, f10 14, is a C! function around

P;. This follows from the identifications D;5=Ds5=-D —D—-— and
1Q1 P2Q2 PyQa

(4.9)

—_— =
P3Q3

PR :fDI?R; :Dm = fDm induced by dp12, dp13 and dp14.
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5. Geometrically continuous surface complex

Here we define a CG' geometrically continuous surface complex and interpret
the octahedron H as such an object. This definition has proper foundations in
differential topology, and it gives a data structure that can be used effectively to
work with general geometrically continuous surfaces and functions.

For a precise definition we use the notion of a tangent bundle. Let 2; denote
a polygon in R2, and let p denote an edge of Q. The tangent bundle T2 p of R?
along p is a continuous family of tangent spaces Tgz x, X € p. Technically, it is the
restriction of the tangent bundle of R? onto p. As a manifold, Tg> ;, is isomorphic
to p x R%. Let ¢ be other edge on a polygon in R?. A map 6 : T2 — T2 4 is a
continuous isomorphism of tangent bundles if it is continuous (as a map between
manifolds) and for any X € p the fiber map 6| x from Tk x is a linear isomorphism.

It is not technically correct to speak of tangent bundles of p and ¢ along them-
selves, since these are closed line segments. Instead we consider open neighborhoods
p D p and ¢ D p inside the lines containing p and ¢. The tangent bundle T}, of
p along p is a subbundle of Tge y, so that for any X € p the fibre T x C Tgr2 x
consists of those vectors that are tangent to p. The same can be said about Ty 4.
We say that a map p: p — q is a C' diffeomorphism if there exists an extension
Ii:p — ¢ of u which is a C' diffeomorphism of p and ¢. For X € p the Jacobi
map T x — Tj ,(x) is induced by i like in (4.1). The family of Jacobi maps gives
a linear isomorphism T}, — Ty 4 (in the identical sense as above) which does not
depend on the extension g of p. We denote this linear isomorphism by dpu.

Here is the last piece of our notation. If X is an point on p, let Ho, x denote
the set of those vectors & € T2 x for which X 4 (a lies in the interior of Q; for all
small enough ¢ > 0. If X is an endpoint of p, then Hq, x is a closed cone with its
vertex at the origin of Tp> x. If X is in the interior of p, then Hq, x is a closed
half-plane (and the origin of Tg2 x lies on its boundary).

Now we are ready to define CG' surface complexes. Here is a compact summary
of Definitions 6.2, 6.5, 6.9 and 6.10 in [Vid99].

DEFINITION 5.1. A GC' geometrically continuous surface complex G is given
by the data (£2,~, p, ©), where

(1) Q is a finite collection of polygons in R2. Some (or all) polygons may
coincide but be considered as different elements of ). Edges and vertices
of different polygons are considered as distinct.

(2) ~ is an equivalence relation between edges of the polygons, such that each
edge is equivalent to at most one other polygon edge.

(3) For each pair (p,q) of equivalent edges, p gives a C! diffeomorphism 4
from p to gq.

(4) For each pair (p, q) of equivalent edges, © gives a continuous isomorphism
0p.q: T2, — T2 4 of the tangent bundles of R? along p and ¢. Let 4,
be the polygons of p, g respectively. We require that:

(4a) 6,4 maps the tangent bundle of p to the tangent bundle of ¢, and
the restriction of 8, ; to these tangent bundles coincides with dy,, 4.

(4b) If X is an interior point of p, let Y denote py, 4(X). Then the union
of 0 4| x (Ha,,x) and Hg, y must coincide with all of Tg2 y.

(4c) If X is an endpoint of p, let Y denote py, 4(X). Then the intersection
of O, q|x (Hq, x) and Hgq, y is a half-line through the origin of Tk2 y.
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Besides, we put the following restrictions.

(5) Suppose that Qq,...,9Q, is a sequence of polygons taken from ) and
that for ¢ = 1,...,n we have a vertex X; of ; and edges p;,q; of €;
meeting at X;, such that the vertices X7, X5, ..., X,,_1 are distinct and

for ¢ = 2,...,n the edges p;_1, ¢; are equivalent.
(5a) If the vertices X, X, are distinct, let H,, denote Hq, x, and for i =
1,...,n—1let H; denote the image of Hq, x, under the composition

Opp_rsanlXn 1 © -0 0p g |x;- Then the union of all H; (for i =
1,...,n) must be a proper subset of T2 x .

(6b) If X1 = X,, then the composition 0, 4 |x, ©0p, 1 ¢.lx, ,0...0
Op, ¢2|x, must be the identity map on Tg2 x, .

Part (4) of this Definition corresponds to [Vid99, Definition 6.2] and to CG*
join of two patches along an edge (as defined in [Hah89]). Part (5) corresponds to
[Vid99, Definition 6.5] and to CG! join of several patches at a vertex (as defined in
[Hah89]). Compared with the definitions in [Vid99], we avoided here mentioning
intersections of tangent cones in parts (4b), (5a), (5b) because of implications of
parts (4a), (4c) and (5a) respectively. For instance, when part (5b) is needed then
(5a) applies to subsequences of {(€;, X;, pi, qi) } ;.

Now we transform the data structure H = (Q,p,Z) of Definition 2.1 to a
geometrically continuous surface (2, ~, p, ©).

e () is the same set of triangles P;Q; R;, i € N.

e We say that two triangle edges are equivalent if there is a homeomorphism
n (2.1) between them.

e 0 is the set of linear homeomorphisms in (2.1) and their inverses.

e Let p, ¢ be two triangle edges identified by a homeomorphism g;; in (2.1),

—_—

and let § € {P,Q;, P;R;,Q;R;}, ¢ € {P;Q;,P;R;,Q;R;} be the vectors
along p and ¢ respectively. We require that the continuous isomorphisms
Op.q:0q,p € © should identify the tangent spaces Tr> x and Tp=y for all
X ep, Y =0i;(X) € ¢ by Dy & Dg and Dg, (x) < —De,(v)-

The difference between = and © is that = assigns (transversal) continuous vector
fields to the triangle edges. The continuous isomorphisms in © are determined by
condition (4a) and the specification that the pairs of vectors assigned by = should
map (up to the sign) to each other. On the other hand, Z is not determined uniquely
by ©, and conditions (5a)—(5b) are easier to state in terms of ©.

DEFINITION 5.2. Let G = (Q, ~, p, ©) be a GC! surface complex. Suppose that
f is an map from 2 which assigns to each polygon ©; € Q a function fq, on ;.
Then f is called a GC* function on G if the following conditions hold:

(1) For each Q; € €, the function fqo, is a C* function on the interior of Q;,
and it can be extended to a C! function on an open neighborhood of Q!.

(2) For each C* diffeomorphism i € p from an edge p of Q1 € Q to an edge of
Qs € ) we require that the restriction of fqo, onto p coincides with fq, ou.

(3) For each continuous isomorphism 6 € © from the tangent bundle along
an edge p of 7 €  to the tangent bundle along an edge of 25 € 2, and
for each X € p we require that §(fo,) = 0|x(9) (fa,) for all 6 € T2 x.

This definition applied to H coincides with Definition 2.2.
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We have defined the notions of geometrically continuous surface complex and
GC! functions on it. The example of this paper demonstrates that these notions
can be used effectively in geometric modeling. They let us embrace the general-
ity of geometrically continuity, and at the same time they allow handy blending
methods that are available in the context of parametric continuity. In particular,
geometrically continuous functions can be used as conveniently as usual B-splines.
Computation of GC! functions is easier than geometrically continuous gluing of
three-dimensional patches, and broad classes of these functions are computable.
They may have various applications as just functions.
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